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SYMMETRY IN VANISHING OF TATE COHOMOLOGY OVER
GORENSTEIN RINGS
ARASH SADEGHI
ABSTRACT. We investigate symmetry in the vanishing of Tate cohomology for finitely
generated modules over local Gorenstein rings. For finitely generated R–modules M and
N over Gorenstein local ring R, it is shown that Êxt
i
R(M,N) = 0 for all i ∈ Z if and only if
Êxt
i
R(N,M) = 0 for all i ∈ Z.
1. INTRODUCTION
The symmetry in the vanishing of Ext for finitely generated modules was studied by
Avramov and Buchweitz [6]. For finitely generated R-modules M and N over complete
intersection ring R, they proved that the following are equivalent:
(i) ExtiR(N,M) = 0 for all i≫ 0.
(ii) ExtiR(M,N) = 0 for all i≫ 0.
(iii) TorRi (M,N) = 0 for all i≫ 0.
In [20], Huneke and Jorgensen proved that the symmetry in vanishing of Ext holds for
a wider class of Gorenstein rings. More precisely, they introduced a new class of rings
between complete intersection and Gorenstein rings, which is called AB ring. An AB ring
R is a local Gorenstein ring defined by the property that there is a constant C, depending
only on the ring, such that if ExtiR(M,N) = 0 for all i≫ 0, then Ext
i
R(M,N) = 0 for all i>C.
For finitely generated modulesM and N over an AB ring R, they proved that ExtiR(M,N) =
0 for all i≫ 0 if and only if ExtiR(N,M) = 0 for all i≫ 0 (see [20, Theorem 4.1]). The class
of AB rings is strictly contained between complete intersections and Gorenstein rings (see
[20, Theorem 3.6] and [22, Theorem]). In [23, Theorem 1.2], Jorgensen and S¸ega proved
that the symmetry in vanishing of Ext does not hold for all Gorenstein rings.
In this paper, we investigate symmetry in the vanishing of Tate cohomology for finitely
generatedmodules over Gorenstein local rings. As a consequence, it is shown that there is a
different kind of symmetry over Gorenstein rings. More precisely, we obtain the following
result (see Theorem 3.4).
Theorem 1.1. Let R be a Gorenstein local ring of dimension d and let M, N be R–modules.
Assume that n is an integer. Then the following statements hold:
(i) If Êxt
i
R(M,N) = 0 for all i≥ n, then Êxt
i
R(N,M) = 0 for all i<−n.
(ii) If Êxt
i
R(M,N) = 0 for all i< n, then Êxt
i
R(N,M) = 0 for all i≥ d− n.
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In [14, Proposition 3.2], for finitely generated modulesM and N over an AB ring R, it is
shown that ExtiR(M,N) = 0 for i≫ 0 if and only if Êxt
i
R(M,N) = 0 for all i∈Z. Therefore,
our main result recovers Theorem of Huneke and Jorgensen.
The organization of the paper is as follows. In Section 2, we collect preliminary notions,
definitions and some known results which will be used in this paper.
In Section 3, we study the vanishing of Tate cohomology for finitely generated modules
over Gorenstein local rings. As a consequence, we prove Theorem 1.1 in this Section. We
also generalize the Auslander-Reiten duality for modules of finite Gorenstein dimension
(see Theorem 3.6).
Theorem 1.2. Let (R,m,k) be a Cohen-Macaulay local ring of dimension d with canonical
module ωR. Assume that M, N are R–modules of finite Gorenstein dimension and that
Êxt
i
R(M,N) has finite length for all i ∈ Z. Then
Êxt
i
R(M,N)
∼= HomR(Êxt
d−i−1
R (N,M⊗R ωR),ER(k))
for all i ∈ Z, where ER(k) is the injective envelope of the residue field of R.
In [24, Thoerem 4.1], Jørgensen proved that the symmetry in the vanishing of Ext holds
for modules of finite complete intersection dimension over local Gorenstein rings. The
concept of modules with reducible complexity was introduced by Bergh. Every module
of finite complete intersection dimension has reducible complexity. In [9, Theorem 3.5],
Bergh generalized the Jørgensen’s result for modules with reducible complexity. In Section
4, as a consequence of our main theorem, it is shown that the symmetry in the vanishing
of Ext holds for modules over local Gorenstein rings, provided at least one of them has
reducible complexity (see Corollary 4.2).
In Section 5, we study the vanishing of Tate homology for G-perfect R–modules. Let
M be a perfect R–module and N an R–module. The following equality is well-known:
sup{i≥ 0 | TorRi (M,N) 6= 0}+ inf{i≥ 0 | Ext
i
R(M,N) 6= 0}= pdR(M).
In Theorem 5.2, we generalize the above equality for G-perfect modules.
Recall, an ideal I in R is said to be a Gorenstein ideal if R/I is a Gorenstein local ring.
As another application of our main result, we have the following (see Corollary 5.6).
Corollary 1.3. Let R be a Gorenstein ring and let a, b be Gorenstein ideals of R. The
following conditions are equivalent:
(i) ExtiR(R/a,R/b) = 0 for i≫ 0;
(ii) ExtiR(R/b,R/a) = 0 for i≫ 0;
(iii) TorRi (R/a,R/b) = 0 for i≫ 0;
Finally, in the last section, we study the vanishing of Tate (co)homology for linked
modules. In Proposition 6.2 and Theorem 6.4, we generalize some results of Puthenpurakal
[27, Theorem 1.2 and Corollary 1.3]. As a consequence, we obtain the following surprising
result:
Corollary 1.4. Let R be a complete Kleinian singularity and let M, N be R–modules. Then
Êxt
i
R(M,N)
∼= Êxt
i
R(N,M) for all i ∈ Z. In particular, if M and N are maximal Cohen-
Macaulay, then ExtiR(M,N)
∼= ExtiR(N,M) for all i> 0.
We also investigate the relationship between Betti and Bass numbers of linked module.
As a consequence, it is shown that the stable Betti and Bass numbers are preserved under
evenly linkage. More precisely, let R be a Gorenstein local ring and let a and b be perfect
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Gorenstein ideals of R. Assume that M, N and L are Cohen-Macaulay R–modules such
thatM ∼
a
N ∼
b
L. In Theorem 6.9, it is shown that β̂Ri (M) = β̂
R
i (L) and µ̂
i
R(M) = µ̂
i
R(L) for
all i ∈ Z.
2. PRELIMINARIES
Throughout the paper, R is a commutative Noetherian local ring and all modules are
finite (i.e. finitely generated) R–modules. Let
· · · → Fn+1→ Fn→ Fn−1→ ··· → F0→M→ 0
be the minimal free resolution of M. Recall that the nth syzygy of an R–module M is the
cokernel of the Fn+1→ Fn and denoted by Ω
n
R(M), and it is unique up to isomorphism. The
nth Betti number, denoted βRn (M), is the rank of the free R–module Fn. The complexity of
M is defined as follows;
cxR(M) = inf{i ∈ N∪0 | ∃γ ∈ R such that β
R
n (M) ≤ γn
i−1 for n≫ 0}.
Note that cxR(M) = cxR(Ω
i
R(M)) for every i ≥ 0. It follows from the definition that
cxR(M) = 0 if and only if pdR(M) < ∞. The complete intersection dimension was in-
troduced by Avramov, Gasharov and Peeva [7]. A module of finite complete intersection
dimension behaves homologically like a module over a complete intersection. Recall that
a quasi-deformation of R is a diagram R→ Aև Q of local homomorphisms, in which
R→ A is faithfully flat, and Aև Q is surjective with kernel generated by a regular se-
quence. The module M has finite complete intersection dimension if there exists such a
quasi-deformation for which pdQ(M⊗R A) is finite. The complete intersection dimension
ofM, denoted CI-dimR(M), is defined as follows;
CI-dimR(M) = inf{pdQ(M⊗R A)− pdQ(A) | R→ Aև Q is a quasi-deformation }.
Note that every module of finite complete intersection dimension has finite complexity [7,
Theorem 5.3].
The concept of modules with reducible complexity was introduced by Bergh [9].
Let M and N be R–modules and consider a homogeneous element η in the graded R–
module Ext∗R(M,N) =
⊕∞
i=0Ext
i
R(M,N). Choose a map fη : Ω
|η|
R (M)→ N representing η ,
and denote by Kη the pushout of this map and the inclusion Ω
|η|
R (M) →֒ F|η|−1. Therefore
we obtain a commutative diagram
0 −−−−→ Ω
|η|
R (M) −−−−→ F|η|−1 −−−−→ Ω
|η|−1
R (M) −−−−→ 0y fη
y
y‖
0 −−−−→ N −−−−→ Kη −−−−→ Ω
|η|−1
R (M) −−−−→ 0.
with exact rows. Note that the module Kη is independent, up to isomorphism, of the map
fη chosen to represent η .
Definition 2.1. [9] The full subcategory of R-modules consisting of the modules having
reducible complexity is defined inductively as follows:
(i) Every R-module of finite projective dimension has reducible complexity.
(ii) An R-module M of finite positive complexity has reducible complexity if there ex-
ists a homogeneous elementη ∈Ext∗R(M,M), of positive degree, such that cxR(Kη )<
cxR(M), depthR(M) = depthR(Kη ) and Kη has reducible complexity.
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By [9, Proposition 2.2(i)], every module of finite complete intersection dimension has
reducible complexity. On the other hand, there are modules having reducible complexity
but whose complete intersection dimension is infinite (see for example, [10, Corollary
4.7]).
The notion of the Gorenstein(or G-) dimension was introduced by Auslander [3], and
developed by Auslander and Bridger in [5].
Definition 2.2. An R–module M is said to be of G-dimension zero (or totally reflexive)
whenever
(i) the biduality map M→M∗∗ is an isomorphism;
(ii) ExtiR(M,R) = 0 for all i> 0;
(iii) ExtiR(M
∗,R) = 0 for all i> 0.
The Gorenstein dimension of M, denoted G-dimR(M), is defined to be the infimum of
all nonnegative integers n, such that there exists an exact sequence
0→Gn → ··· → G0 →M→ 0
in which all the Gi have G-dimension zero. Note that G-dimR(M) is bounded above by
the complete intersection dimension, CI-dimR(M), of M and if CI-dimR(M) < ∞ then the
equality holds (see [7, Theorem 1.4]).
For a finite presentation P1
f
→ P0 →M→ 0 of an R–module M, its transpose, TrM, is
defined as coker f ∗, where (−)∗ := HomR(−,R), which satisfies in the exact sequence
(2.1) 0→M∗→ P∗0 → P
∗
1 → TrM→ 0.
Moreover, TrM is unique up to projective equivalence. Thus all minimal projective pre-
sentations ofM represent isomorphic transposes ofM.
In the following, we summarize some basic facts about Gorenstein dimension (see [5]
for more details).
Theorem 2.3. For an R–module M, the following statements hold.
(i) G-dimR(M) = 0 if and only if G-dimR(TrM) = 0;
(ii) If G-dimR(M) < ∞ then G-dimR(M) = sup{i≥ 0 | Ext
i
R(M,R) 6= 0};
(iii) If G-dimR(M) < ∞, then G-dimR(M) = depthR− depthR(M);
(iv) R is Gorenstein if and only if G-dimR(M)< ∞ for all finitely generated R–module M.
Two modulesM and N are called stably isomorphic and writeM ≈ N ifM⊕P∼= N⊕Q
for some projective modules P and Q.
Theorem 2.4. [5, Theorem 2.8] Let M be an R–module and n ≥ 0 an integer. Then there
are exact sequences of functors:
Ext1R(TrΩ
nM,−) →֒ TorRn (M,−)→HomR(Ext
n
R(M,R),−)→ Ext
2
R(TrΩ
nM,−),
TorR2 (TrΩ
nM,−)→ (ExtnR(M,R)⊗R−)→ Ext
n
R(M,−)։ Tor
R
1 (TrΩ
nM,−).
Tate cohomology for modules of finite Gorenstein dimension was studied by Avramov
and Martsinkovsky in [8]. Let P = P(R) denote the full subcategory of C (R) whose
objects are the finite projective R–modules, where C (R) denotes the category of all R–
module and R–homomorphisms.
A complex T is totally acyclic if Tn ∈ P and Hn(T) = 0 = Hn(HomR(T,R)) for all
n ∈ Z. A complete resolution of an R-moduleM is a diagram
T
ϑ
−→ P
pi
−→M,
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where pi is a P-resolution, T is a totally acyclic complex, ϑ is a morphism, and ϑi is
an isomorphism for i≫ 0. An R-module has finite G-dimension if and only if it has a
complete resolution [8, Theorem 3.1].
Let M be an R-module with a complete resolution T→ P→ M. For an R-module N,
Tate cohomology ofM and N is defined as
Êxt
i
R(M,N) = H
i(HomR(T,N)) for i ∈ Z.
Also, for an R-module N, Tate homology ofM and N is defined as
T̂or
R
i (M,N) = Hi(T⊗RN) for i ∈ Z.
By construction, there are isomorphisms
(2.2) T̂or
R
i (M,N)
∼= TorRi (M,N) and Êxt
i
R(M,N)
∼= ExtiR(M,N),
for all i> G-dimR(M).
In the following we summarize some basic properties about Tate cohomology which
will be used throughout the paper; see [8], [6] and [13] for more details.
Theorem 2.5. Let M be an R–module of finite Gorenstein dimension. The followings hold:
(i) If pdR(M)< ∞ or pdR(N)< ∞, then Êxt
i
R(M,N) = 0 for all i ∈ Z.
(ii) If M is totally reflexive then T̂or
R
i (M,N)
∼= Êxt
−i−1
R (M
∗,N) for all i ∈ Z.
(iii) If N has finite injective dimension, then Êxt
i
R(M,N) = 0 for all i ∈ Z.
(iv) For every exact sequence 0→ X → Y → Z → 0 of R–modules, there is a doubly
infinite long exact sequence
· · · → Êxt
i
R(M,X)→ Êxt
i
R(M,Y )→ Êxt
i
R(M,Z)→ ··· .
(v) For every exact sequence 0→ L→M→ N→ 0 of R-modules of finite G-dimension
and each R–module X there is a doubly infinite long exact sequence
· · · → Êxt
i
R(N,X)→ Êxt
i
R(M,X)→ Êxt
i
R(L,X)→ ··· .
Remark 2.6. Let M and N be R–modules of finite Gorenstein dimension. Consider the
following exact sequences:
(2.6.1) 0→ X →G→M→ 0 and 0→ Y →H→ N→ 0,
where G-dimR(G) = 0=G-dimR(H) and X , Y have finite projective dimension. By Theo-
rem 2.5(i), Êxt
i
R(−,Y ) = 0= Êxt
i
R(−,X) for all i ∈ Z. Hence, by Thoerem 2.5(iv), (v), the
exact sequence (2.6.1) induces the following isomorphisms
Êxt
i
R(M,N)
∼= Êxt
i
R(G,H) and Êxt
i
R(N,M)
∼= Êxt
i
R(H,G),
for all i ∈ Z. Also, by [13, Lemma 2.7], T̂or
R
i (−,Y ) = 0= T̂or
R
i (−,X) for all i ∈ Z. Hence,
it follows from [13, Proposition 2.8, 2.9] that T̂or
R
i (M,N)
∼= T̂or
R
i (G,H) for all i ∈ Z.
3. VANISHING OF TATE COHOMOLOGY
In this section, we investigate the symmetry in the vanishing of Tate cohomology for
modules over Gorenstein local rings. For the proof of our main result we need the following
preliminary lemmas.
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Lemma 3.1. Let (R,m,k) be a local ring and let M and N be R–modules. If M has finite
Gorenstein dimension, then
Êxt
i
R(M,N
∨)∼= T̂or
R
i (M,N)
∨ for all i ∈ Z,
where (−)∨ := HomR(−,ER(k)).
Proof. Let T→ P→ M be a complete resolution of M. It follows from the adjointness
isomorphism that
Êxt
i
R(M,N
∨) ∼= Hi(HomR(T,HomR(N,ER(k))))
∼= Hi(HomR(T⊗RN,ER(k)))
∼= T̂or
R
i (M,N)
∨
for all i ∈ Z. 
Lemma 3.2. Let M and N be R–modules such that G-dimR(M) < ∞. Assume that x ∈ R
is both R-regular andM-regular and that xN = 0. Set (−) :=−⊗RR/x. Then we have the
following isomorphisms:
(i) Êxt
i
R(M,N)
∼= Êxt
i
R(M,N) for all i ∈ Z.
(ii) T̂or
R
i (M,N)
∼= T̂or
R
i (M,N) for all i ∈ Z.
Proof. We only prove part (i), the proof of part (ii) is similar. Without loss of generality,
by Remark 2.6, we may assume that G-dimR(M) = 0. Let T→ P→ M be a complete
resolution ofM. It is easy to see that T→ P→M is a complete resolution ofM. Therefore,
by adjointness isomorphism
Êxt
i
R(M,N)
∼= Hi(HomR(T,N))
∼= Hi(HomR(T,HomR(R,N))
∼= Hi(HomR(T,N))
∼= Êxt
i
R(M,N),
for all i ∈ Z. 
In [21], Iacob proved that the Tate homology is balanced for modules over commutative
Noetherian Gorenstein rings. In [13, Theorem 3.7], Christensen and Jorgensen generalized
the Iacob’s result for complexes of finite Gorenstein dimension over any associative ring.
In the following we give a short and simple proof of the Christensen and Jorgensen’s result
for the module case.
Lemma 3.3. LetM andN beR–modules of finite Gorenstein dimension. Then T̂or
R
i (M,N)
∼=
T̂or
R
i (N,M) for all i ∈ Z.
Proof. Without loss of generality, by Remark 2.6, we may assume thatM and N are totally
reflexive. Therefore, by (2.2),
T̂or
R
i (M,N)
∼= TorRi (M,N)
∼= TorRi (N,M)
∼= T̂or
R
i (N,M),
for all i > 0. As G-dimR(M) = 0 = G-dimR(N), there exist R–modules Xi and Yi of G-
dimension zero such thatM= Ω−i+1Xi and N = Ω
−i+1Yi for all i≤ 0. It follows from (2.2)
that
T̂or
R
i (M,N)
∼= TorR1 (Xi,N)
∼= TorR−i+2(Xi,Yi)
∼= TorR1 (Yi,M)
∼= T̂or
R
i (N,M),
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for all i≤ 0. 
We are now ready to prove our main Theorem. The proof of the following result was
inspired by the proof of Theorem 2.1 in [20].
Theorem 3.4. Let R be a Gorenstein local ring of dimension d and let M, N be R–modules.
Assume that n is an integer. The following statements hold:
(i) If Êxt
i
R(M,N) = 0 for all i≥ n, then Êxt
i
R(N,M) = 0 for all i<−n.
(ii) If Êxt
i
R(M,N) = 0 for all i< n, then Êxt
i
R(N,M) = 0 for all i≥ d− n.
Proof. We only prove part (ii), the proof of part (i) is similar. Without loss of generality,
by Remark 2.6, we may assume that M and N are totally reflexive. We argue by induction
on d. If d = 0, then Êxt
i
R(M,N) = 0 for all i< n if and only if T̂or
R
i (M,N
∗) = 0 for all i< n
by Lemma 3.1 and this is equivalent to say that Êxt
i
R(N,M) = 0 for all i≥−n by Theorem
2.5(ii) and Lemma 3.3. Assume that d > 0 and that x ∈ R a non-zero divisor on R, M and
N. Set (−) :=−⊗RR. Consider the following exact sequence
(3.4.3) 0−→ N
x
−→ N −→ N −→ 0.
The above exact sequence, induces a doubly infinite long exact sequence
(3.4.4) · · · → Êxt
i
R(M,N)
x
→ Êxt
i
R(M,N)→ Êxt
i
R(M,N)→ ··· ,
of Tate cohomology modules by Theorem 2.5(iv). Assume that
Êxt
i
R(M,N) = 0 for all i< n;
by (3.4.4)
=⇒ Êxt
i
R(M,N) = 0 for all i< n− 1;
By Lemma 3.2,
=⇒ Êxt
i
R(M,N) = 0 for all i< n− 1;
By the induction hypothesis,
=⇒ Êxt
i
R(N,M) = 0 for all i≥ d− 1− n+ 1;
By Lemma 3.2,
=⇒ Êxt
i
R(N,M) = 0 for all i≥ d− n;
and now from the long exact sequence of Êxt coming from the short exact sequence 0→
M
x
→M→M→ 0 and Nakayama’s lemma,
=⇒ Êxt
i
R(N,M) = 0 for all i≥ d− n.

The following is an immediate consequence of Theorem 3.4.
Corollary 3.5. Let R be a Gorenstein local ring and let M, N be R–modules. The following
statements hold:
(i) Êxt
i
R(M,N) = 0 for all i≫ 0 if and only if Êxt
i
R(N,M) = 0 for all i≪ 0.
(ii) Êxt
i
R(M,N) = 0 for all i ∈ Z if and only if Êxt
i
R(N,M) = 0 for all i ∈ Z.
The following is a generalization of Auslander-Reiten duality Theorem [4, 11] (see also
[12, Theorem 3.4] for a different generalization).
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Theorem 3.6. Let (R,m,k) be a Cohen-Macaulay local ring of dimension d with canonical
module ωR. Assume that M, N are R–modules of finite Gorenstein dimension and that
Êxt
i
R(M,N) has finite length for all i ∈ Z. Then
Êxt
i
R(M,N)
∼= HomR(Êxt
d−i−1
R (N,M⊗R ωR),ER(k))
for all i ∈ Z, where ER(k) is the injective envelope of the residue field of R.
Proof. Consider the following exact sequences:
(3.6.1) 0→ P→ X →M→ 0,
(3.6.2) 0→Q→ Y → N→ 0,
where G-dimR(X)= 0=G-dimR(Y ) and P,Q have finite projective dimension. By Remark
2.6, Êxt
i
R(M,N)
∼= Êxt
i
R(X ,Y ) for all i ∈ Z. As G-dimR(M) < ∞, Tor
R
i (M,ωR) = 0 for all
i> 0 by [16, Proposition 2.5]. Therefore, the exact sequence (3.6.1) induces the following
exact sequence
(3.6.3) 0→ P⊗R ωR→ X⊗R ωR→M⊗R ωR → 0,
Note that idR(P⊗R ωR) < ∞ and so Êxt
i
R(N,P⊗R ωR) = 0 for all i ∈ Z by Theorem
2.5(iii). Therefore the excat sequences (3.6.2) and (3.6.3) induce the following isomor-
phisms Êxt
i
R(N,M⊗R ωR)
∼= Êxt
i
R(N,X ⊗R ωR)
∼= Êxt
i
R(Y,X⊗R ωR) for all i ∈ Z by Theo-
rem 2.5(iv) ,(v). So we may assume that M and N are maximal Cohen-Macaulay (equiva-
lentely, totally reflexive). Note that G-dimR(Ω
iM)= 0 for all i∈Z and so G-dimR(TrΩ
iM)=
0 for all i ∈ Z by Theorem 2.3(i). It follows from (2.2) and Theorem 2.5(ii) that
(3.6.4)
TorRj (TrΩ
iM,N) ∼= T̂or
R
j (TrΩ
iM,N)
∼= T̂or
R
j−2((Ω
iM)∗,N)
∼= Êxt
− j+1
R (Ω
iM,N)∼= Êxt
i− j+1
R (M,N),
for all j > 0 and i ∈ Z. Hence, by (3.6.4) and our assumption, TorRj (TrΩ
iM,N) has finite
length for all i ∈ Z and j > 0. By [28, Theorem 10.62], there is a third quadrant spectral
sequence:
E
p,q
2 = Ext
p
R(Tor
R
q (TrΩ
iM,N),ωR)⇒ Ext
p+q
R (N,(TrΩ
iM)†),
where (−)† :=HomR(−,ωR). As Tor
R
q (TrΩ
iM,N) has finite length for all q> 0 and i ∈Z,
E
p,q
2 = 0 if p 6= d. Hence the spectral sequence collapses and so
(3.6.6) ExtdR(Tor
R
j (TrΩ
iM,N),ωR)∼= Ext
d+ j
R (N,(TrΩ
iM)†)
for all j > 0 and i ∈ Z. As TrΩiM is totally reflexive, the exact sequence (2.1),
0→ (ΩiM)∗→ P∗0 → P
∗
1 → TrΩ
iM→ 0,
induces the following exact sequence:
0→ (TrΩiM)† → P∗†1 → P
∗†
0 → (Ω
iM)∗† → 0.
From the above exact sequence we get the following isomorphism:
(3.6.7) Êxt
j+2
R (N,(TrΩ
iM)†)∼= Êxt
j
R(N,(Ω
iM)∗†),
SYMMETRY IN VANISHING OF TATE COHOMOLOGY OVER GORENSTEIN RINGS 9
for all i ∈ Z and j ∈ Z, by Theorem 2.5(iii), (v). As G-dimR(Ω
iM) = 0, ΩiM⊗R ωR is
maximal Cohen-Macaulay by [30, Theorem 2.13] and so
(3.6.8) ΩiM⊗R ωR ∼= (Ω
iM⊗R ωR)
†† ∼= (ΩiM)∗† for all i ∈ Z.
Note that TorRj (Ω
iM,ωR) = 0 for all i ∈ Z and j > 0 by [16, Proposition 2.5]. Hence, the
exact sequence 0→ΩiM→ F →Ωi−1M→ 0, induces the following exact sequence
0→ΩiM⊗R ωR→ F⊗R ωR →Ω
i−1M⊗R ωR→ 0.
From the above exact sequence we get the following isomorphism:
(3.6.9) Êxt
j−1
R (N,Ω
i−1M⊗R ωR)∼= Êxt
j
R(N,Ω
iM⊗R ωR),
for all i ∈ Z and j ∈ Z, by Theorem 2.5(iii), (iv). As TorR1 (TrΩ
iM,N) has finite length, we
get the following isomorphisms by (3.6.4)
(3.6.10) Êxt
i
R(M,N)
∼= TorR1 (TrΩ
iM,N) ∼= Γm(Tor
R
1 (TrΩ
iM,N)).
Now the assertion follows from the Local duality Theorem, (3.6.6), (3.6.7), (3.6.8), (3.6.9)
and (3.6.10).

Let (R,m,k) be a Gorenstein local ring of dimension d and letM be an R–module of fi-
nite projective dimension. In [17, Corollary 3.2], Foxby proved that βRi (M) = µ
d−i
R (M) for
all i. The ith stable Betti number and ith stable Bass number was introduced by Avramov
and Martsinkovsky [8]. For an R–module N,
β̂Ri (N) = rankk(Êxt
i
R(N,k)) and µ̂
i
R(N) = rankk(Êxt
i
R(k,N)).
Note that β̂Ri (N) = β
R
i (N) for all i>G-dimR(N) and also µ̂
i
R(N) = µ
i
R(N) for all i> d. Let
N be an R–module of infinite projective dimension. In [8, Theorem 10.3], it is shown that
µ̂ iR(N) = β
R
d−i−1(N) for all i< depthR(N)−1. The following is an immediate consequence
of Theorem 3.6.
Corollary 3.7. Let R be a Gorenstein local ring of dimension d and let M be an R–module.
Then β̂Ri (M) = µ̂
d−i−1
R (M) for all i ∈ Z.
The following is an immediate consequence of Corollary 3.7 and [8, Theorem 9.1].
Corollary 3.8. Let R be a Gorenstein local ring and let a be a Gorenstein ideal of R.
Then β̂Ri (R/a) = µ̂
n+i
R (R/a) for all i ∈ Z, where n= dimR(R/a). In particular, β
R
i (R/a) =
µn+iR (R/a) for all i> G-dimR(R/a).
4. APPLICATIONS OF MAIN RESULT
In [24, Thoerem 4.1], Jørgensen proved that the symmetry in the vanishing of Ext holds
for modules of finite complete intersection dimension over local Gorenstein rings. Bergh
generalized the Jørgensen’s result for modules with reducible complexity (see [9, Theorem
3.5]). In this section, it is shown that the symmetry in the vanishing of Ext holds for
modules over local Gorenstein rings, provided that one of them has reducible complexity.
Proposition 4.1. Let M and N be R–modules such that G-dimR(M) < ∞. Assume that
either M or N has reducible complexity. Then the following are equivalent:
(i) Êxt
i
R(M,N) = 0 for all i≫ 0;
(ii) Êxt
i
R(M,N) = 0 for all i≪ 0;
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(iii) Êxt
i
R(M,N) = 0 for all i ∈ Z.
Proof. We only prove the implication (ii)⇒(iii), when N has reducible complexity. The
proof of other implications are similar. Set c = cxR(N). We argue by induction on c. If
c= 0 then pdR(N)< ∞ and the assertion follows from Theorem 2.5(i). Now let c> 0 and
η ∈ Ext∗R(N,N) reduces the complexity of N. Consider the exact sequence
(4.1.1) 0→ N→ Kη →Ω
q
R(N)→ 0,
where q= |η |− 1 and cxR(Kη )< c. The exact sequence (4.1.1), induces a doubly infinite
long exact sequence
(4.1.2) · · · → Êxt
i
R(M,N)→ Êxt
i
R(M,Kη )→ Êxt
i
R(M,Ω
q
R(N))→ ···
of Tate cohomology modules by Theorem 2.5(iv). Note that
(4.1.3) Êxt
i
R(M,Ω
q
R(N))
∼= Êxt
i−q
R (M,N) for all i ∈ Z.
It follows from (4.1.2), (4.1.3) and (ii) that Êxt
i
R(M,Kη ) = 0 for all i≪ 0. By induction
hypothesis, Êxt
i
R(M,Kη ) = 0 for all i ∈ Z. Therefore,
(4.1.4) Êxt
i
R(M,N)
∼= Êxt
i−q−1
R (M,N) for all i ∈ Z.
As Êxt
i
R(M,N) = 0 for all i≪ 0, the assertion is clear by (4.1.4). 
Corollary 4.2. Let R be a Gorenstein local ring and let M, N be R–modules. Assume that
N has reducible complexity(e.g. CI-dimR(N)< ∞). Then the following are equivalent:
(i) ExtiR(M,N) = 0 for i≫ 0.
(ii) ExtiR(N,M) = 0 for i≫ 0.
Proof. By Proposition 4.1, ExtiR(M,N) = 0 for all i≫ 0,
⇐⇒ Êxt
i
R(M,N) = 0 for all i ∈ Z,
⇐⇒ Êxt
i
R(N,M) = 0 for all i ∈ Z, by Corollary 3.5
⇐⇒ ExtiR(N,M) = 0 for all i≫ 0, by Proposition 4.1.

Let R be a ring and let M and N be R–modules. Assume that M has finite Gorenstein
dimension. In [14, Theorem 6.1], Christensen and Jorgensen proved that
sup{i | ExtiR(M,N) 6= 0}= depthR− depthR(M),
provided that Êxt
i
R(M,N) = 0 for all i ∈ Z. In the following, we prove the same conclusion
under weaker hypotheses:
Lemma 4.3. LetM andN be nonzeroR–modules such that G-dimR(M)<∞. If Êxt
i
R(M,N)=
0 for all i≥ G-dimR(M)− 1, then the following statements hold.
(i) sup{i | ExtiR(M,N) 6= 0}= depthR− depthR(M);
(ii) Ext
G-dimR(M)
R (M,N)
∼= Ext
G-dimR(M)
R (M,R)⊗RN.
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Proof. Set n = G-dimR(M). Note that Ext
i
R(M,N)
∼= Êxt
i
R(M,N) for all i > n. Therefore
ExtiR(M,N) = 0 for all i> n. Set L= Ω
nM. Note that L∗ ≈Ω2TrL. Hence
(4.3.1)
T̂or
R
i (TrL,N)
∼= T̂or
R
i−2(L
∗,N)
∼= Êxt
−i+1
R (L,N)
∼= Êxt
−i+1+n
R (M,N),
for all i∈ Z, by Theorem 2.5(ii). As G-dimR(L) = 0, by Theorem 2.3(i), G-dimR(TrL) = 0
and so by (2.2)
(4.3.2) TorRi (TrL,N)
∼= T̂or
R
i (TrL,N) for i> 0.
It follows from our assumption, (4.3.1) and (4.3.2) that TorRi (TrL,N) = 0 for i = 1,2.
Therefore, ExtnR(M,R)⊗RN
∼= ExtnR(M,N) by Theorem 2.4 and so the assertion is clear by
Theorem 2.3(ii). 
Note that the vanishing of negative and positive Tate cohomology are two distinct con-
ditions in general. By [23, Theorem 4.1], there exists an artinian Gorenstein local ring
R and finitely generated R–modules M and N such that Êxt
i
R(M,N) = 0 for all i > 0 and
Êxt
i
R(M,N) 6= 0 for all i< 0. The following is an immediate consequence of Theorem 3.4
and Lemma 4.3.
Corollary 4.4. Let R be a Gorenstein local ring and let M, N be non-zero R–modules.
Assume that Êxt
i
R(M,N) = 0 for all i≤ depthR(N). Then
sup{i | ExtiR(N,M) 6= 0}= depthR− depthR(N).
5. G-PERFECT MODULES
Recall that an R–moduleM isG-perfect if gradeR(M) =G-dimR(M). Over a Gorenstein
ring, these modules are precisely the Cohen-Macaulaymodules. For aG-perfectR–module
M of Gorenstein dimension n, we setM† := ExtnR(M,R). In the following, we collect some
basic properties of G-perfect modules (see [18] for more details).
Theorem 5.1. Let M be a G-perfect R–module of Gorenstein dimension n. The following
statements hold.
(i) M† is a G-perfect R–module of Gorenstein dimension n;
(ii) M ∼=M††;
(iii) annR(M) = annR(M
†).
LetM be a perfectR–module andN an R–module. The following equality is well-known
(see for example [19, Proposition 2.9.3]),
sup{i≥ 0 | TorRi (M,N) 6= 0}+ inf{i≥ 0 | Ext
i
R(M,N) 6= 0}= pdR(M).
In the following we generalize the above equality for G-perfect modules. Recall that
gradeR(M,N) = inf{i≥ 0 | Ext
i
R(M,N) 6= 0}.
Theorem 5.2. Let M and N be non-zero R–modules. Assume that M is G-perfect. If
T̂or
R
i (M,N) = 0 for all i≥ 0(e.g., either pdR(M) < ∞ or idR(N)< ∞), then
sup{i≥ 0 | TorRi (M,N) 6= 0}+ inf{i≥ 0 | Ext
i
R(M,N) 6= 0}= G-dimR(M).
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Proof. Set n=G-dimR(M) and t = sup{i |Tor
R
i (M,N) 6= 0}. Since Tor
R
i (M,N)
∼= T̂or
R
i (M,N)
for all i> n, it follows that t ≤ n. SetM† :=ExtnR(M,R). By [15, Proposition 6], there exists
the following exact sequence:
(5.2.1)
0−→ Ext1R(TrΩ
nM,N)−→ TorRn (M,N) −→ HomR(M
†,N)−→ ·· ·
· · · −→ Ext jR(TrΩ
nM,N)−→ TorRn+1− j(M,N) −→ Ext
j−1
R (M
†,N)−→ ·· ·
· · · → Extn+1R (TrΩ
nM,N)→M⊗RN→ Ext
n
R(M
†,N)→ Extn+2R (TrΩ
nM,N)→ 0.
Note that G-dimR(Ω
nM) = 0 and Ω2TrΩnM ≈ (ΩnM)∗. Hence, by Theorem 2.5(ii)
(5.2.2)
T̂or
R
i (M,N)
∼= T̂or
R
i−n(Ω
nM,N)
∼= Êxt
−i+n−1
R ((Ω
nM)∗,N)
∼= Êxt
−i+n+1
R (TrΩ
nM,N).
for all i ∈ Z. It follows from (5.2.2) and our assumption that
(5.2.3) ExtiR(TrΩ
nM,N)∼= Êxt
i
R(TrΩ
nM,N) = 0 for all 1≤ i≤ n+ 1.
Therefore, by (5.2.1) and (5.2.3),
(5.2.4) TorRn−i(M,N)
∼= ExtiR(M
†,N) for all 0≤ i≤ n− 1,
and also we have the following exact sequence
(5.2.5) 0−→M⊗RN −→ Ext
n
R(M
†,N)
It follows from (5.2.5) that gradeR(M
†,N) ≤ n. Therefore, t = n− gradeR(M
†,N) by
(5.2.4). On the other hand, M is G-perfect and so annR(M
†) = annR(M) by Theorem
5.1. Therefore
gradeR(M
†,N) = gradeR(annR(M
†),N))
= gradeR(annR(M),N)
= gradeR(M,N).

The following is an immediate consequence of Theorem 5.2, [14, Proposition 3.2] and
[6, Theorem 4.9].
Corollary 5.3. Let M be a G-perfect R–module and N an R–module. Assume thatTorRi (M,N)=
0 for i≫ 0 and that one of the following conditions hold:
(i) R is AB ring;
(ii) Either M or N has finite complete intersection dimension;
Then, sup{i≥ 0 | TorRi (M,N) 6= 0}+ inf{i≥ 0 | Ext
i
R(M,N) 6= 0}= G-dimR(M).
The following result plays a crucial role in this paper.
Proposition 5.4. Let M be a G-perfect R–module of Gorenstein dimension n and let N be
an R–module. Then we have the following isomorphisms.
(i) Êxt
i
R(M
†,N)∼= T̂or
R
−i−1+n(M,N),
(ii) Êxt
i
R(M,N)
∼= T̂or
R
−i−1+n(M
†,N),
for all i ∈ Z.
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Proof. If n = 0 then the assertion follows from Theorem 2.5(ii). So assume n > 0 and
consider the following exact sequence,
(5.4.1) 0→M†→ TrΩn−1M→ L→ 0,
where L≈ΩTrΩnM. As gradeR(M) = n, it is easy to see that pdR(TrΩ
n−1M)< ∞. There-
fore, Êxt
i
R(TrΩ
n−1M,N) = 0 for all i ∈ Z by Theorem 2.5(i). From the exact sequence
(5.4.1) and Theorem 2.5(v), we obtain the following isomorphism
(5.4.2) Êxt
i
R(M
†,N)∼= Êxt
i+1
R (ΩTrΩ
nM,N) ∼= Êxt
i+2
R (TrΩ
nM,N),
for all i ∈ Z. Note that G-dimR(TrΩ
nM) = 0 by Theorem 2.3(i). It follows from Theorem
2.5(ii) that
(5.4.3) Êxt
i
R(TrΩ
nM,N) ∼= T̂or
R
−i−1((TrΩ
nM)∗,N),
for all i ∈ Z. As (TrΩnM)∗ ≈Ω2TrTrΩnM ≈Ωn+2M, it follows from (5.4.3) that
(5.4.4) Êxt
i
R(TrΩ
nM,N)∼= T̂or
R
−i+1+n(M,N)
Now (i) is clear by (5.4.2) and (5.4.4).
By Theorem 5.1, M† is G-perfect of Gorenstein dimension n and M ∼=M††. Now (ii)
follows from (i) by replacingM byM†. 
Let R be a Gorenstein local ring. Recall, an ideal I in R is said to be a Gorenstein ideal if
R/I is a Gorenstein local ring. The following is an immediate consequence of Proposition
5.4 and Corollary 3.5.
Proposition 5.5. Let R be a Gorenstein ring and let a be a Gorenstein ideal of R. Assume
that M is an R–module. Then ExtiR(M,R/a) = 0 for all i≫ 0 if and only if Tor
R
i (M,R/a) =
0 for all i≫ 0.
Corollary 5.6. Let R be a Gorenstein ring and let a, b be Gorenstein ideals of R. The
following conditions are equivalent:
(i) ExtiR(R/a,R/b) = 0 for i≫ 0;
(ii) ExtiR(R/b,R/a) = 0 for i≫ 0;
(iii) TorRi (R/a,R/b) = 0 for i≫ 0;
Proof. (i)⇔(ii). Set n= G-dim(R/a), m= G-dim(R/b). By Proposition 5.4, we have
(5.6.1) Êxt
i
R(R/a,R/b)
∼= T̂or
R
−i−1+n(R/a,R/b)
∼= Êxt
i+m−n
R (R/b,R/a),
for all i ∈ Z. Now the equivalence of (i), (ii) is clear by (5.6.1).
(ii)⇔(iii). Follows from Proposition 5.5. 
Corollary 5.7. Let R be a Gorenstein local ring and let a be a Gorenstein ideal of R.
Assume that either CI-dimR(R/a)< ∞ or R is AB ring. Then
pdR(R/a) = sup{i | Tor
R
i (R/a,R/a) 6= 0}.
Proof. Assume that TorRi (R/a,R/a) = 0 for all i≫ 0. It follows from Corollary 5.6 that
ExtiR(R/a,R/a) = 0 for all i≫ 0 and so pdR(R/a) < ∞ by [2, Corollary 4.4] and [14,
Proposition 3.2]. Set n = pdR(R/a). By Theorem 2.4, there exists the following exact
sequence:
0−→ Ext1R(TrΩ
n(R/a),R/a)−→ TorRn (R/a,R/a)−→
−→ HomR(Ext
n
R(R/a,R),R/a)−→ Ext
2
R(TrΩ
n(R/a),R/a).
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As pdR(R/a) = n, TrΩ
n(R/a) ≈ 0 and so TorRn (R/a,R/a)
∼= HomR(Ext
n
R(R/a,R),R/a).
Since R/a is Gorenstein, ExtnR(R/a,R)
∼= R/a. Therefore, TorRn (R/a,R/a) 6= 0. 
6. VANISHING OF TATE (CO)HOMOLOGY FOR LINKED MODULES
The theory of linkage of algebraic varieties introduced by Peskine and Szpiro [26]. Re-
call that two ideals a and b in a Gorenstein local ring R are said to be linked by a Gorenstein
ideal c if c⊆ a∩b, a= (c : b) and b= (c : a). Martsinkovsky and Strooker [25] generalized
the notion of linkage for modules over non-commutative semiperfect Noetherian rings by
introducing the operator λ = ΩTr. They show that ideals a and b are linked by zero ideal
if and only if R/a and R/b are related to each other through the operator λ ; more precisely,
R/a∼= λ (R/b) and R/b∼= λ (R/a) [25, Proposition 1]. In [27], Puthenpurakal studied the
vanishing of (co)homology for linked modules. In this section, we study the vanishing of
Tate (co)homology for linked modules over Gorenstein rings. As a consequence of our
main result, we can generalize some results of Puthenpurakal.
First, we recall the definition of linkage of module.
Definition 6.1. [25, Definition 4] An R–moduleM is said to be linked to an R–module N,
by an ideal c of R, if c⊆ annR(M)∩annR(N),M ∼= λR/cN and N ∼= λR/cM. In this situation
we denoteM ∼
c
N. An R–moduleM is called self-linked ifM is linked to itself.
Let M be an R–module which is linked by an ideal c of R. By [25, Proposition 3], M is
stable as an R/c–module. Let P1→ P0→M→ 0 be a minimal projective presentation ofM
over R/c. Then HomR/c(P0,R/c)→HomR/c(P1,R/c)→ TrR/cM→ 0 is a minimal projec-
tive presentation of TrR/cM (see [1, Theorem 32.13]). Therefore we obtain the following
exact sequence:
(6.1) 0→ HomR/c(M,R/c)→HomR/c(P0,R/c)→ λR/cM→ 0.
Let CMn(R) be the full subcategory of Cohen-Macaulay R–modules of codimension n.
Note that for an R–module M over Gorenstein local ring R we have M ∈ CMn(R) if and
only if M is G-perfect of Gorenstein dimension n. For an R–module M ∈ CMn(R), set
M† := ExtnR(M,R).
The following is a generalization of [27, Theorem 1.2].
Proposition 6.2. Let R be a Gorenstein ring, c a perfect Gorenstein ideal of R and L an
R–module. Assume that M ∈ CMn(R) and that M ∼
c
N. The following statements hold:
(i) Êxt
i
R(L,M) = 0 for i≫ 0 if and only if T̂or
R
i (L,N) = 0 for i≫ 0.
(ii) Êxt
i
R(L,M) = 0 for i≪ 0 if and only if T̂or
R
i (L,N) = 0 for i≪ 0.
(iii) Êxt
i
R(L,M) = 0 for i ∈ Z if and only if T̂or
R
i (L,N) = 0 for i ∈ Z.
Proof. We only prove part (ii). The other parts can be proved similarly. By Corollary 3.5,
Proposition 5.4 and Lemma 3.3,
(6.2.1)
Êxt
i
R(L,M) = 0 for all i≪ 0
⇐⇒ Êxt
i
R(M,L) = 0 for all i≫ 0
⇐⇒ T̂or
R
i (M
†,L) = 0 for all i≪ 0,
⇐⇒ T̂or
R
i (L,M
†) = 0 for all i≪ 0,
Set S = R/c and consider the exact sequence (6.1), 0 → HomS(M,S) → F → N → 0,
where F is a free S–module. By [13, Proposition 2.8], the above exact sequence induces
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the following doubly infinite long exact sequence
(6.2.2) · · · → T̂or
R
i (L,HomS(M,S))→ T̂or
R
i (L,F)→ T̂or
R
i (L,N)→ ··· .
As pdR(S) < ∞, T̂or
R
i (L,F) = 0 for all i ∈ Z by [13, Lemma 2.7]. Note that M
† ∼=
HomS(M,S) by [18, Corollary]. It follows from the exact sequece (6.2.2) that
(6.2.3)
T̂or
R
i (L,M
†) = 0 for all i≪ 0
⇐⇒ T̂or
R
i (L,HomS(M,S)) = 0 for all i≪ 0
⇐⇒ T̂or
R
i (L,N) = 0 for all i≪ 0,
Now the assertion is clear by (6.2.1) and (6.2.3). 
Similarly, one can prove the following result by using Proposition 5.4 and Corollary
3.5.
Proposition 6.3. Let R be a Gorenstein ring and let a be a perfect Gorenstein ideal of R.
Assume that M ∈ CMn(R), X ∈ CMm(R) and that M ∼
a
N. The following statements hold:
(i) Êxt
i
R(M,X) = 0 for i≫ 0 if and only if Êxt
i
R(X
†,N) = 0 for i≫ 0.
(ii) Êxt
i
R(M,X) = 0 for i≪ 0 if and only if Êxt
i
R(X
†,N) = 0 for i≪ 0.
(iii) Êxt
i
R(X ,M) = 0 for i ∈ Z if and only if Êxt
i
R(X
†,N) = 0 for i ∈ Z.
Let R be a Gorenstein ring and let a be a perfect Gorenstein ideal of R. Assume that
M is a Cohen-Macaulay R–module and that M ∼
a
N. In [27, Corollary 1.3], Puthenpurakal
proved that ExtiR(M,M) = 0 for all i≫ 0 if and only if Ext
i
R(N,N) = 0 for all i≫ 0. In the
following, it is shown that ExtiR(M,M)
∼= ExtiR(N,N) for all i> G-dimR(M).
Theorem 6.4. Let R be a Gorenstein ring and let a, b be perfect Gorenstein ideals of R.
Assume that M ∈ CMn(R), X ∈ CMm(R) and that M ∼
a
N, X ∼
b
Y. Then the following
statements hold:
(i) Êxt
i
R(M,X)
∼= Êxt
i+m−n
R (Y,N) for all i ∈ Z.
(ii) Êxt
i
R(M,M)
∼= Êxt
i
R(N,N) for all i ∈ Z.
(iii) If M and X are self-linked, then
Êxt
i
R(M,X)
∼= Êxt
i+m−n
R (X ,M) for all i ∈ Z.
Proof. We only need to prove part (i), since parts (ii) and (iii) follow immediately from (i).
Set X‡ = ExtmR (X ,R) andM
† = ExtnR(M,R). By Proposition 5.4 and Lemma 3.3,
(6.4.1)
Êxt
i
R(M,X)
∼= T̂or
R
−i−1+n(M
†,X)
∼= T̂or
R
−i−1+n(X ,M
†)
∼= Êxt
i+m−n
R (X
‡,M†),
for all i ∈ Z. By (6.1), we obtain the following exact sequences:
(6.4.2) 0→ HomR/a(M,R/a)→ P→ N→ 0,
(6.4.3) 0→HomR/b(X ,R/b)→Q→ Y → 0,
where P is a free R/a–module and Q is a free R/b–module. As a and b are perfect, P
and Q have finite projective dimension and so Êxt
i
R(Y,P) = 0= Êxt
i
R(Q,M
†) for all i ∈ Z
by Theorem 2.5(i). Note that X‡ ∼= HomR/b(X ,R/b) and M
† ∼= HomR/a(M,R/a) by [18,
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Corollary]. It follows from the exact sequences (6.4.2), (6.4.3) and Theorem 2.5(iv), (v)
that
(6.4.4)
Êxt
i
R(X
‡,M†) ∼= Êxt
i+1
R (Y,M
†)
∼= Êxt
i
R(Y,N),
for all i ∈ Z. Now the assertion is clear by (6.4.1) and (6.4.4). 
The following result is an immediate consequence of Theorem 6.4 and [8, Theorem
5.9].
Corollary 6.5. [25, Proposition 10] Let R be a Gorenstein ring and let a be a perfect
Gorenstein ideal of R. Assume that M and N are R–modules and that M ∼
a
N. Then M is
perfect if and only if N is.
Recall that an R–module M is said to be horizontally self-linked if M ∼= λRM (see [25,
Definition 7]). Let R be a complete Kleinian singularity. Equivalently, R is the complete
two-dimensional hypersurface ring C[|x,y,z|]/( f ), where f is one of Arnold’s simple sin-
gularities. Recall that such singularities are indexed by the Dynkin diagrams of types A,D,
and E:
An f = x
2+ y2+ zn+1,n≥ 1,
Dn f = x
2+ y2z+ zn−1,n≥ 4,
E6 f = x
2+ y3+ z4,
E7 f = x
2+ y3+ yz3,
E8 f = x
2+ y3+ z5.
In [25, Theorem 3], Martsinkovsky and Strooker proved that every indecomposable non-
projective maximal Cohen-Macaulay module over a complete Kleinian singularity is hori-
zontally self-linked. As a consequence of Theorem 6.4, we obtain the following surprising
result.
Corollary 6.6. Let R be a complete Kleinian singularity and let M, N be R–modules. Then
Êxt
i
R(M,N)
∼= Êxt
i
R(N,M) for all i ∈ Z.
Proof. Without lose of generality we may assume that M and N are indecomposable non-
projective maximal Cohen-Macaulay R–modules by Remark 2.6 and [8, Proposition 5.7].
Therefore, M and N are self-linked by [25, Theorem 3]. Now the assertion is clear by
Theorem 6.4. 
Recall that an ideal I is said to be almost complete intersection if µ(I) ≤ ht(I) + 1,
where µ(I) is the minimal number of generators of I.
Corollary 6.7. Let R be a Gorenstein local ring and let M be an R–module. Assume that
a is a Cohen-Macaulay almost complete intersection ideal which is a generic complete
intersection. Then ExtiR(M,R/a) = 0 for all i≫ 0 if and only if Tor
R
i (M,R/a) = 0 for all
i≫ 0.
Proof. By [29, Proposition 1], there exists a perfect Gorenstein ideal c such that a and
b = (c : a) are linked and b is a Gorenstein ideal. In other words, R/a ∼= λR/c(R/b) and
R/b∼= λR/c(R/a) by [25, Proposition 1]. It follows from Proposition 6.2(i) that
ExtiR(M,R/a) = 0 for all i≫ 0
⇐⇒ TorRi (M,R/b) = 0 for all i≫ 0
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By Proposition 5.5 and (2.2),
⇐⇒ Êxt
i
R(M,R/b) = 0 for all i≫ 0
By Proposition 6.2(i),
⇐⇒ T̂or
R
i (M,R/a) = 0 for all i≫ 0.

The following is an immediate consequence of Corollary 6.7, [2, Corollary 4.4] and [14,
Proposition 3.2].
Corollary 6.8. Let R be a Gorenstein local ring and let a be a Cohen-Macaulay almost
complete intersection ideal which is a generic complete intersection. Assume that either
CI-dimR(R/a)< ∞ or R is AB ring. Then pdR(R/a)< ∞ if and only if Tor
R
i (R/a,R/a) = 0
for all i≫ 0
In the following, it is shown that the stable Betti and Bass numbers are preserved under
evenly linkage.
Theorem 6.9. Let R be a Gorenstein local ring of dimension d and let a, b be perfect
Gorenstein ideals of R. Assume that M ∈ CMn(R) and that M ∼
a
N. Then the following
statements hold:
(i) β̂Ri (M) = µ̂
m+i−1
R (N) for all i ∈ Z, where m = depthR(M). In particular, β
R
i (M) =
µm+i−1R (N) for all i> n+ 1.
(ii) If M is evenly linked to L, M ∼
a
N ∼
b
L, then β̂Ri (M) = β̂
R
i (L) and µ̂
i
R(M) = µ̂
i
R(L)
for all i ∈ Z. In particular, βRi (M) = β
R
i (L) for all i > n and µ
i
R(M) = µ
i
R(L) for all
i> d.
Proof. We only need to prove part (i), since part (ii) follow immediately from (i). Set
S = R/a. Note that M† ∼= HomS(M,S) by [18, Corollary]. Consider the following exact
sequence 0 → HomS(M,S)→ F → N → 0, where F is a free S–module (see 6.1). It
follows from the above exact sequence and [8, Theorem 9.1] that β̂Ri (M) = β̂
R
n−i(N). Now
the assertion is clear by Corollary 3.7 and Theorem 2.3(ii). 
We end the paper by the following result.
Corollary 6.10. Let R be a Gorenstein local ring and let a be a Cohen-Macaulay almost
complete intersection ideal which is a generic complete intersection. Then β̂Ri (R/a) =
µ̂m+i−2R (R/a) for all i ∈ Z, where m = dim(R/a). In particular, β
R
i (R/a) = µ
m+i−2
R (R/a)
for all i> G-dimR(R/a)+ 2.
Proof. By [29, Proposition 1], there exists a perfect Gorenstein ideal c such that a and
b= (c : a) are linked and b is a Gorenstein ideal. By Theorem 6.9 and Corollary 3.8,
(6.4.1)
β̂Ri (R/a) = µ̂
m+i−1
R (R/b)
= β̂Ri−1(R/b)
= µ̂m+i−2R (R/a),
for all i ∈ Z. 
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